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Introduction
The recent discovery that the reactor angle θ 13 is not only nonzero but relatively large, by the Daya Bay and RENO experiments [1, 2] , has a significant impact on the existing neutrino mass models. The global bestfit values of the neutrino oscillation parameters like tan 2 θ 12 and sin 2 θ 13 are 0.047 and 0.026 (N.H) respectively [3] . The data on mass-squraed differences are very precise and the Dirac delta phase δ cp is still in the dark. We have taken δ cp = 0 throughout the calculations and assumed that there is no sterile neutrino.
Many theories predict that the atmospheric mixing angle, tan 2 θ 23 must depart from maximality condition [4, 5, 6] when µ − τ symmetry is broken in order to produce nonzero θ 13 . Two possibilities are there in conection with deviation from TBM along with the generation of nonzero θ 13 and they are either with θ 23 = π/4 or with θ 23 = π/4. From theoretical point of view, the problem can be addressed either by perturbing the µ − τ symmetry of the mass matrix to generate the desired results [7] or by starting from a new PMNS mixing matrix which can produce the present experimental results [8] .
The pattern of the absolute neutrino masses whether Normal hierarchy (NH) or Inverted hierarchy (IH) [9] , is still an open question. Besides, the status of quasidegenerate (QD) model of neutrino mass pattern is not yet completely ruled out. The µ − τ symmetry is capable of producing TBM mixing and deviation as well [10, 11] . In this present work a new method of parameterisation of neutrino mass matrix is presented with the hope to perturb the µ − τ symmetry to get the desired result. In this method, the parameterisation of µ − τ symmetric matrix can be done with three independent parameters i.e., M µτ (ξ, η, m 0 ) where solar mixing angle θ 12 depends upon only one parameter η where the mass eigenvalues m i depend upon the rest i.e., (ξ, m 0 ). Such a procedure has the advantage to delink the predictions on mass eigenvalues and mixing angles.
The matrix M µτ (ξ, η, m 0 ) is again perturbed to break the µ − τ symmetry by adding an extra parameter α which controls the prediction of reactor angle θ 13 = θ 13 (α), keeping tan 2 θ 23 = 1 as maximal condition. The possibility to obtain nonzero value of θ 13 along-with tan 2 θ 23 = 1, is examined with the help of a perturbing mass matrix M s , i.e M µτ + M s −→ M , where M µτ is fixed at TBM.
The paper is organized in the following manner. In Section 2, we discuss the general conditions for parameterisation related with exact µ − τ symmetric and general symmetric mass matrices. In Section 3, we also present the procedure regarding parameterisation of the mass matrix under N.H, both for the cases with θ 13 = 0 and θ 13 = 0 (with θ 23 = π/4) and the numerical results. In Section 4, we introduce a new perturbative matrix M s in order to perturb the M µτ satisfying TBM mixing. The variation of all the observed parameters are studied under a single parameter. We present a brief summary and discussion in Section 5.
2 Exact µ − τ symmetry and general symmetric mass matrices
The µ− τ symmetry is a very beautiful symmetry which provides a good control over the choice of the solar mixing angle θ 12 . Tribimaximal mixing (TBM) which is associated with certain symmetry groups like A 4 and S 4 etc. is an outcome of the exact µ − τ symmetry. But in order to introduce nonzero value of θ 13 , this symmetry has to be broken down. Under the assumption that neutrinos are Majorana type, we get a freedom to preserve the symmetric nature of the mass matrix. A µ − τ symmetric mass matrix
leads to
Under the condition that θ 13 = 0, θ 23 = π/4 the corresponding PMNS mixing matrix U becomes,
When M µτ in Eq (1) is broken down to a general matrix which can impart a nonzero θ 13 ,
then the PMNS mixing matrix U , takes the following form,
On diagonalizing M in Eq.(4), with this new U , U T M U −→ M d , we arrive at the following two important conditions, under the fullfillment of which the complete diagonalization is possible. They are,
and
These two equations involving θ 12 and θ 13 add little complicacy in the process of parametrisation. This can be emphasised that atmospheric mixing angle is taken as maximal i.e, θ 23 = π/4.
Building the Neutrino mass model under Normal Hierarchy
Normal hierarchy is the case when we take the absolute masses of the three neutrinos in the order m 1 < m 2 < m 3 . The mass of m 1 is considered to be very small in comparison to m 2 and m 3 and can be taken to be nearly zero.
Formalism
For parameterisation of the mass matrices it is always kept in mind that when the perturbating effect is to be nullified, we must arrive at the original µ−τ symmetric structure. M µτ attracts special attention in our work. The parametrisation of the mass matrices, both for the cases when θ 13 = 0 and θ 13 = 0, are adderessed with equal footing. The eigenvalues of the mass matrix, give the three absolute masses m 1 , m 2 and m 3 and from the mass matrix itself we can generate U , the PMNS mixing matrix which in turn provides us the information of solar and reactor mixing angles, θ 12 and θ 13 respectively. Hence in order to parameterize the neutrino mass matrix we shall be requiring four (if θ 13 = 0) or five (if θ 13 = 0) independent parameters. We have given adequate attention in excluding any additional parameter or constant from our model which allows only five parameters at the most. In the process of parameterisation we always try to satisfy strongly the following two objectives:
• The eigenvalues of the mass matrix must have a simple form and should not involve any parameter that controls θ 12 or θ 13 .
• The expression of tan 2θ 12 must involve a single guiding parameter at least for the case when θ 13 = 0.
It is to be mentioned that our process of parameterisation assumes Dirac phase δ CP to be zero all the time and is bound to produce tan 2 θ 23 = 1.
3.1.1 Parametrisation of the mass matrix for Normal hierarchy with exact µ − τ symmetry (when θ 13 = 0)
The matrix M µτ in (1) has three eigenvalues as follows:
One of the eigenvalues and hence one parameter can be normalised to unity in view of simplicity and at the end we can recover this once again. For Normal hierarchy we can take m 1 = 0. Hence only two parameters ξ and η can fulfill our purpose. On equating the first and the second eigenvalues to 1 and 0, we get
In order to satisfy Eq. (11), we take D to be −1/2, C = 1/2 and B = 0. Thus,
tan 2θ 12 = 0
We consider another µ − τ symmetric mass matrix M 1 which is added to
Eqs. (11) and (13) give,
and we get,
Let us consider, A and x are functions of two variables ξ and η. We choose
In Eq.(16), tan 2θ 12 is now function of both ξ and η. To make it free from ξ 's, we make the following simple choice,
leading to,
In Eq. (15), M µτ has eigenvalues 1, 0 and A(ξ, η) + 2x(ξ, η), and A(ξ, η) + 2x(ξ, η) = ξ(A(η) + 2x(η)). Following our apriori condition, we can choose A(η) + 2x(η) = 1, so that A(ξ, η) + 2x(ξ, η) is dependent on ξ only. As square roots are involved in Eq. (15), we can have a simplest choice for A(η), i.e
Eqs. (15) and (16) become
As stated earlier we have taken one of the eigenvalues to be unity, the parameter m 0 appears as a compensation for that. The eigenvalues of Eq. 
Here, the largest eigenvalue m 3 is assigned to m 0 in general. The deviation from TBM mixing can be obtained from charged lepton corrections in the usual way [8] . The breaking of µ − τ symmetry as a source of deviation from TBM mixing without charged lepton correction, is addressed in the subsequent subsections.
Parameterisation of the mass matrix under Normal Hierarchy
for θ 13 = 0 with broken µ − τ symmetry.
Here we consider that µ − τ symmetry is broken down and the mass matrix is now a general symmetric matrix which has five unknown elements. But as we can normalize one of the eigenvalues to unity and other to zero (for NH), only three independent three independent parameters ξ, η and α are required for parameterisation. The procedure of parametrisation is again outlined as follows. Consider B = 0, then,
M 0 is perturbed with M 1 which is also µ − τ symmetric, to get a new
We take
We consider a symmetric matrix M s in order to perturb (M µτ ) new . Thus
We have chosen the elements at 2 − 3 and 3 − 2 positions as zero in the structure of perturbing matrix M s [13, 14] . This choice helps in keeping the maximality condition of tan 2 θ 23 . and we get, 
We have assumed the structure of a and b as, a = α 2 (1 − ξη 2 ) and b = √ 1 − α 2 . These assumptions lead to the eigenvalues of M to attain simplest structures. Eqs. (6) and (7) are rather complicated and less useful for our purpose. The structure of x and y has to be worked out from the constraints on the matrix M . If λ i=0,1,2 are the eigenvalues, then in Eq.(26), M must satisfy the eigenvalue equation,
From apriori condition, we can take λ 0 = 0 and λ 1 = 1. Accordingly, from Eq.(27), we can construct two equations. They are as follows,
Solving Eqs.(28) and (29) for x and y we get, x = αξη 1 − η 2 and y =
. Rearranging all the elements in (26), we get, M = M (ξ, η, α, m) :
Where,
,
having eigenvalues 0, m 0 ξ and m 0
and solar mixing angle,
In this case mass eigenvalues depend on the variables (m 0 , ξ) whereas the solar mixing angle θ 12 depends on the variables (ξ, η, α, θ 13 ) in a complicated way.
The unknown quantities : the absolute masses and the mixing angles
For both cases disscussed above, the absolute masses are the three eigenvalues i.e., m 1 = 0, m 2 = m 0 ξ and m 3 = m 0 . The corresponding eigenvectors and the diagonalizing matrix are, 
Numerical results and discussion
On the basis of present available observational data, we can define certain interval for the parameters present in the matrices, 
We see that within this range if we choose any value of m 0 and ξ randomly, the values of ∆m Following the procedure described in Section 3.1.3, the variation of tan 2 θ 12 w.r.t η is shown graphically in Figure 5 . Choosing η = 0.57735 leads to tan 2 θ 12 = 0.50, whereas tan 2 θ 12 = 0.47 (bestfit value) is obtained at η = 0.5655. Now if we consider the µ − τ symmetric mass matrix of Eq.(20), we get sin 2 θ 13 = 0 all the way. But along with the same ranges of m 0 , ξ, η and with the choosen values of ξ and m 0 , we can enter into the mass matrix M of (30) with broken µ − τ symmetry where the range of the new independent parametrer α, that controls θ 13 , is defined under interval as,
The variation of sin 2 θ 13 is plotted against α in Figure 6 where we can further compress the range of α to [ 0.14823, 0.17033 ] in order to comply with the experimental results within ±1σ range. The bestfit value of sin 2 θ 13 = 0.026 is obtained at α = 0.16123.
We have shown graphically in Figures.7-8 , how tan 2 θ 23 maintains the maximality condition with change in α and η.
4 Parameterisation of mass matrix for generating θ 13 = 0, θ 23 = π/4 through a new perturbative matrix M s
The mass matrix in Eq.(30) is capable of predicting the desired experimental results regarding tan 2 θ 12 and sin 2 θ 13 , and at the same time satisfying the maximality condition of tan 2 θ 23 . Although the two guiding parameters α and η are able to control independently the two mixing angles θ 13 and θ 12 , yet this is contrary to some of the theoretical results [4, 6] that indicate dependency of tan 2 θ 12 on sin 2 θ 13 upto certain extent. So this is our honest intention to supress two of the parameters under a single one. We expect that this kind of supression of parameters will certainly affect the mass eigenvalues and the maximality condition of tan 2 θ 23 upto certain extent. We now try to keep this effect as much small as posiible.
The texture of perturbating mass matrix M s
Our procedure of parameterisation is as follows. We take the µ − τ symmetric matrix that supports the TBM as the guiding matrix. Choice of TBM case as the reference one is supported by the fact that it can be related with certain symmetries. Our purpose is to derive out the matrix that can perturb this special case with minimum disturbance. The representation is something like,
Where M s differs from Eq.(25) and assumes the following symmetric structure [13, 14] ,
Comparing the differences M (ξ, m 0 , η, α) − M µτ (ξ, m 0 , η 0 ), with η 0 being fixed at TBM mixing, we get an idea about the range of numerical values that r, x, x ′ , z and y can take, by applying the intervals of η and α specified earlier in Eqs.(37) and (38). On the basis of that we choose certain numerical values for all the members present in M s , except for y which we generalize to ω, as one parameter. From our study, M s assumes the following emperical structure.
The parameter ω not only dictates the deviation from TBM and θ 13 but also devaiates tan 2 θ 23 from unity as well. Choosing a wide range of ω, we can produce a series of of mass matrices with broken µ − τ symmetry, and hence can generate a series of values regarding tan 2 θ 12 , sin 2 θ 13 , tan 2 θ 23 , ∆m and Σm i against ω. We define a bound on the the parameter ω as [ω 1 , ω 2 ] based on the experimental ±1σ range of tan 2 θ 12 . We define ω = ω 0 corresponding to the bestfit value of tan 2 θ 12 . Our purpose is to check the values of all the quantities stated above within this range, to point out the values of the specific quantities at ω = ω 0 and to compare with present experimental results. From Eqs. (20) [3] . For N.H, ω 0 = 0.00534, ω 1 = 0.00408 and ω 2 = 0.00637.
We fix the values of the parameters except ω as follows. 
The detailed results are shown graphically and the summary is presented in the form of Table 1 etc. assume certain ranges. We compare that ranges with the experimental 1σ, 2σ and 3σ boundaries [3] . From graphs in the Figures 9 − 10, the variation of tan 2 θ 12 against sin 2 θ 13 can be studied. It can be seen that within the interval [ω 1 , ω 2 ] the increase in sin 2 θ 13 is associated with decrease in tan 2 θ 12 and slight deviation of tan 2 θ 23 from unity ( Figure 11 ). The variation of ∆m 
Summary and discussions
We stared with the objective that the mass matrix must involve eigenvalues having simple structure, and should not involve the controlling parameters of θ 12 and θ 13 . We have choosen three parameters (ξ, η, m 0 ) if the mass matrix is µ − τ symmetric, and another additional parameter α when the µ − τ symmetry is broken, for the parameterisation of the mass matrix, with an assumption δ cp = 0. The stability of the mass eigenvalues and the maximality condition of tan 2 θ 23 with change in θ 12 and θ 13 , are the special features of this method. The parameterisation is also characterized by freedom of choosing the numerical values of the independent parameters and to adjust itself with any change. In the next part we have tried to visualize the perturbation with respect the µ − τ symmetric mass matrix satisfying TBM mixing. We have tried to restrict the degrees of freedom of the mass matrix proposed earlier, by introducing a new emperical perturbing symmetric mass matrix M s with one single parameter ω. The texture of M s is constructed on the basis of the differences of M and M µτ . The parameter ω helps to study the variation of tan 2 θ 12 w.r.t change in sin 2 θ 13 and at the same time deviation of tan 2 θ 23 from unity as well. We investigated results of all the oscillation parameters at certain preferred value ω 0 and are found very close to the experimental bestfit or within the experimental ±1σ range. In addition, we have also defined a range [ω 1 , ω 2 ] and studied the oscillation parameters within that interval and compared with the 2σ and 3σ range. The generalization of the present method of parameterisation to quasidegenerate case [15] with normal hierarchy (QD-NH) is in progress with great success. The same can be extended to inverted case [9] as well.
